An experiment that combines opto-mechanical and electrical measurements for the characterization of a loudspeaker is presented. We describe a very simple laser vibrometer for evaluating the amplitude of the vibration ͑displacement͒ of the speaker cone. The setup is essentially a Michelson-type interferometer operated by an inexpensive semiconductor laser ͑diode laser͒. It is shown that the simultaneous measurements of three amplitudes ͑displacement, electrical current, and applied voltage͒, as functions of the frequency of vibration, allow us to characterize the speaker system. The experiment is easy to perform, and it demonstrates several useful concepts of optics, mechanics, and electricity, allowing students to gain an intuitive physical insight into the relations between mathematical models and an actual speaker system.
I. INTRODUCTION
Since the advent of the laser in the early 1960s it has been natural to study vibrations by means of the Doppler effect. 1 The idea is to use an optical interferometer to measure the frequency shift of a coherent laser beam that is scattered from a small area of the vibrating object. The interferometer mixes the scattered light with a reference beam, resulting in an optical signal whose ͑beat͒ frequency is equal to that of the difference between the mixed beams. By using this procedure both the velocity and/or the displacement of the object can be precisely measured. Several variations of the laser Doppler technique have been developed for applications in fields such as structural dynamic testing, acoustics, quality control, industrial plants, and medical diagnosis.
1-4 As a consequence of the wide acceptance of the technique, the related instruments ͑usually called Laser Doppler Vibrometers͒ have become important tools for those involved either in research or applications involving experimental vibration and dynamic system analysis. However, despite the fact that there is extensive coverage on this subject in the technical literature, there are relatively few papers devoted to the use of the laser Doppler technique in undergraduate laboratories. [5] [6] [7] [8] This work presents a very simple laser vibrometer suitable for characterizing electromechanic transducers such as dynamic loudspeakers. The aim is to give the student a general introduction to the Doppler effect, optical interference, and vibration analysis, by illustrating an application of the laser Doppler technique in the field of acoustics. Vibration measurements on a speaker system are one of the typical cases where, because of the speaker cone lightness, optical techniques are much preferred over the usual instrumentation ͑such as accelerometers͒.
We consider one of the most common speaker models, which consists of a light coil suspended on a strong permanent magnetic field fixed on the center of the moving cone. In Sec. II A the basic theoretical expressions relating electrical and mechanical quantities of the vibration of the coil in the magnetic field are derived. Section II B presents a general explanation of the Doppler effect and optical interferometry. It is assumed that the student has a thorough knowledge of the fundamental laws of mechanics and electromagnetism, and is familiar with calculus and complex numbers. Emphasis has been given to explaining the basic concepts together with a description of the experimental setup and components ͑in Sec. III͒. The results are presented and discussed in Sec. IV.
II. THEORY

A. The dynamic loudspeaker
A loudspeaker is a device that converts electrical energy into sound. 9 The most common models consist of a moving cone firmly cemented to a small light cylindrical coil in its center, as depicted in Fig. 1 . The coil is in a strong magnetic field of a permanent magnet. The lines of the radial magnetic field lie in a plane perpendicular to the x axis shown in Fig.  1 . Alternating current through the coil causes the speaker cone to vibrate, thus producing sound waves to the air.
Consider a loudspeaker in which the coil is fed with a steady sinusoidal voltage, V, of amplitude V 0 and angular frequency . The alternating electric current i flowing through the coil has amplitude i 0 . The force F on the coil ͑and the resulting motion͒ is in the x axis direction and can be written as FϭBli, with B the magnetic field strength at the coil, and l the length of wire in the coil. Because the coil moves perpendicularly to the magnetic field, and the wire is perpendicular to the field and to the motion, there is an induced electromotive force given by EϭBlu, where u is the coil speed. 9, 10 If the loudspeaker vibrates with small amplitude ͑low input power͒, we may think of it as a linear system. 10 Thus all oscillatory quantities can be expressed by sinusoidal functions with temporal angular frequency . Let us call x the position of the central point of the speaker cone along the x axis, and define xϭ0 as its equilibrium position ͑which occurs in the absence of any external applied voltage͒. The amplitude of the displacement is x 0 . As will be shown, it is possible to characterize the speaker system by fitting the experimental data of the current normalized amplitude of vibration, x 0 /i 0 , and the impedance, Z 0 ϭV 0 /i 0 , as functions of , using the corresponding theoretical expressions. A classical approach to obtain these expressions makes use of complex numbers to represent the physical parameters that oscillate. We write a little caret (ˆ) over the parameter to represent that it is a complex number; the corresponding physical quantity being the real part of the expression. Thus we may write,
where the temporal derivative dx /dt was replaced by jx (d/dt→ j), 10 with jϭͱϪ1. Because the product Bl is real, the j in Eq. ͑2͒ simply means that E and u lead the displacement x by 90°.
We now write two more equations for our analysis. Let R and L be the electrical resistance and the inductance of the coil, respectively. The coil and the speaker cone altogether have mass m, the overall suspension elastic constant is k, and the dissipation constant ͑due to friction plus useful sound͒ is b. We assume that the speaker cone and the coil move together as a ''rigid piston,'' which is a good approximation for low frequencies, at which the sound wavelength is long compared with the diameter of the speaker cone. 9, 11, 12 For the electrical part of the speaker, the applied voltage V must overcome the induced electromotive force, the voltage across the resistor and the inductor,
with the voltage across the inductor (Ldi/dt) written as jLî. On the mechanical side, the force accelerating the mass m can be expressed as
where Ϫkx→Ϫkx is the elastic force, ϪbuϭϪbdx/dt →Ϫ jbx is the frictional plus air resistance force, and
x is the mass times acceleration. Note that the problem expressed by Eq. ͑4͒ represents a damped oscillator subjected to an external force F , with b the damping constant ͑which depends on the characteristics of both the speaker and the surrounding air͒. If we eliminate F in Eqs. ͑1͒ and ͑4͒ and calculate x /î, we obtain
͑5͒
with the parameters a 1 ϭBl/k, a 2 ϭm/k, and a 3 ϭb/k. An important conclusion that may be drawn from Eq. ͑5͒ is the existence of a resonance at ϭ͓(k/m)
. In practice, the damping constant is generally small (bӶͱkm), so the resonance occurs at Ϸͱk/m. Also, as we might expect, a strong magnetic field B, a long length of the wire in the coil l, and a small elastic coefficient k, result in greater motion, and the term Bl/k appears naturally in the numerator of Eq. ͑5͒.
The impedance Ẑ ϭV /î can be calculated by solving simultaneously Eqs. ͑1͒-͑4͒. We eliminate F , Ê , and x :
with three more independent parameters: a 4 ϭR, a 5 ϭL, and a 6 ϭ(Bl) 2 /b ͓the last parameter, (Bl) 2 /k, can be calculated from the previous ones͔. It is clear that the determination of the parameters a 1 to a 6 represents a solution for the speaker problem because the product Blϭa 3 a 6 /a 1 , and therefore the parameters b, k, and m, can be easily calculated.
In the analysis of loudspeakers it often is convenient to replace the actual speaker system by an equivalent motional electrical system. 9 By writing Ẑ ϭRϩ jLϩẐ M , it is possible to show that a parallel combination of a resistor, capacitor, and inductor can represent the term Ẑ M , sometimes also called motional impedance. The equivalent electrical network is depicted in Fig. 2 , where C m ϭm/(Bl) 2 is the analog of m, L k ϭ(Bl) 2 /k is the analog of k, and R b ϭ(Bl) 2 /b the analog of b. ͑This circuit is but one of a number of circuits that can be devised from the rationalization of the complex impedance function Ẑ .) From inspection of Fig. 2 we can tell that the frequency of resonance is defined primarily by C m and L k ͑indeed, m/kϭL k C m ). The term b/kϭL k /R b which appears in Eqs. ͑5͒, and ͑6͒ has dimension of time, and is related to the sharpness of the resonance peak. Of the total resistive component RϩR b in this analogy, only that part given by R b is associated with the transfer of electrical en- ergy to acoustic energy ͑plus losses due to friction in flexing the speaker cone͒, whereas the energies stored in L k and C m correspond, respectively, to the mechanical potential and kinetic energy of the system. The average power W dissipated as sound ͑plus frictional losses͒ is then given by W ϭE rms 2 /R b ϭbu rms 2 , with E rms and u rms the rms ͑root mean square͒ amplitudes of the voltage E and the velocity u, respectively. Note that at ϭͱ1/L k C m , the same current flows through R and R b ͑the currents through L k and C m cancel each other͒, and the ratio of the radiated sound power ͑plus frictional losses͒ to the total power dissipated by the speaker system is simply R b /(RϩR b ). As we might expect from the analysis of the electrical network depicted in Fig. 2 , the power dissipated by R b is greatly attenuated at low frequencies due to the shunting effect of L k , and at high frequencies due to the shunting effect of C m ͑and also because the input current is blocked by L͒.
B. Doppler effect and wave mixing
The Doppler effect 1 can be used to measure the velocity ͑and/or the displacement͒ of an object that scatters light. The idea is to detect the change in the frequency of an electromagnetic wave due to the relative motion of the object and the receiver. Consider a light beam sent out from a laser to an object moving with velocity u in the direction of the beam. To first order in u/c, with c the speed of light, the fractional shift in frequency of the backreflected beam is 1 2u/c. Thus, for an object moving at 1 mm/s, the frequency shift is 1 part in 1.5ϫ10 11 . Although extremely small, this shift ͑usually called the Doppler shift͒ can be precisely measured by mixing the reflected light from the object with a reference beam from the same laser.
A common problem in the laser Doppler technique is the discrimination of the direction of the velocity. This problem is usually solved by employing optical devices ͑such as Bragg cells͒ to shift the frequency of the reference beam. However, when only the amplitude of a sinusoidal vibration is of interest, all we need is an ordinary Michelson-type interferometer, 13 which is the basis of the setup used in our experiments ͑Fig. 3͒. In this configuration, a laser beam is divided into a reference beam and a signal beam by the cube beamsplitter BS. The reference beam is directed onto a stationary object, O 1 , and the signal beam is directed onto the vibrating test object ͑loudspeaker͒, O 2 . The retro-reflected beams return to the beamsplitter, where part of the beam coming from O 1 is transmitted, and part of the beam coming from O 2 is reflected toward the photodetector D. When the test object moves, the frequency of the signal beam is shifted, resulting in an optical power modulation of the mixed wave due to interference between the reference and signal beams.
The expression for the output voltage V D from the photodetector can be derived from the well-established wave analysis of two-beam interference 6, 13 and may be written as
with the voltage responsivity of the photodetector, P 0 the average optical power, m the modulation depth, the light wavelength, and x 1 and x 2 the optical path lengths of the two arms of the interferometer. Note that the path difference between the signal and reference beams when they recombine is 2x 1 Ϫ2x 2 , and anything that changes this path difference will cause a change in the output voltage V D . Each complete cycle ͑2 phase shift͒ on the alternating component of V D corresponds to an object movement of /2 and the frequency of this modulation is the Doppler shift, given by D ϭ2u/. Thus, by counting the number of complete cycles through which the movement of the object causes the output voltage to change, we can determine the total distance traveled by the object. If the test object oscillates harmonically with amplitude x 0 and angular frequency , we may let x 2 ϭx 20 ϩx 0 sin(t), so the total phase excursion in one period of vibration T ϭ2/ is 16x 0 /. Therefore, if x 0 ӷ and n is the number of complete cycles described by the voltage V in a time interval T, we may write 2nϭ16x 0 /, or
III. EXPERIMENTAL REALIZATION
We used a 3.5 mW optical output power semiconductor laser diode 14 operating at ϭ0.65 m for the light source of the setup illustrated in Fig. 3 . The diode laser module incorporates a mounted laser diode, adjustable focusing lens, and driver circuit into a compact cylindrical package ͑12 V dc operating voltage͒. The cube beamsplitter 15 transmits and reflects approximately 50% of the incoming light and the interferometer arms were set for equal lengths to within a few millimeters (x 1 Ϸx 2 Ϸ15 cm). The laser coherence length 13 was about 10 cm, much larger than the beam's path imbalance. The laser beam is focused onto the reference (O 1 ) and test (O 2 ) objects: a small metallic plate and a low-power ͑1 W͒ loudspeaker, respectively. The loudspeaker has nominally 8 ⍀ impedance, with a speaker cone 60 mm in diameter. In order to measure the vibration of the coil, the laser beam is made normally incident ͑in the x-axis direction͒ in the center of the speaker cone. The photodetector ͑D͒ consists of an inexpensive silicon photodiode connected to a transimpedance amplifier integrated on a single monolithic chip. 16 It was enclosed in a small aluminum box, which has a small hole for collecting the incoming light beam. The output voltage, V D , is the product of the photodiode current and an external feedback resistor, R F , and is proportional to the radiant power falling on the photodiode's active area (A ϭ5.2 mm 2 ). At the wavelength of 0.65 m and R F ϭ10 M⍀, the full photodetector voltage responsivity is approximately ϭ4.5 V/W.
All components, with the exception of the loudspeaker, were mounted on a small aluminum breadboard. The breadboard was placed on a foam sheet to reduce the noise inserted by mechanical vibrations in the optical setup. A droplet of reflective ink 17 was placed on the illuminated areas of both objects ͑reference plate and loudspeaker͒ to increase the collected light power, and the detected voltage accordingly. The loudspeaker is fed with a steady sinusoidal voltage of amplitude V 0 and frequency ϭ/2 from a function generator ͑G͒. 18 An ammeter 19 ͑A͒ measures the current i rms ϭi 0 /ͱ2 through the speaker ͑see Fig. 3͒ . The input impedance of the oscilloscope is set to 1 M⍀, much higher than the impedance of the loudspeaker. The voltage V that feeds the loudspeaker, and the ac component of the output voltage from the photodetector ͓V D (ac)͔, are visualized on an oscilloscope 20 screen ͑triggered using V as reference͒.
IV. RESULTS AND DISCUSSION
A typical measurement is illustrated in Fig. 4 , where little more than one vibrating period was acquired in the oscilloscope. The experimental input is the sinusoidal applied voltage V ͑curve 1 in Fig. 4͒ . In the example, the frequency ϭ125 Hz and the amplitude V 0 ϭ20 mV. The measured current i 0 ϭ2.36 mA. The amplitude x 0 is determined by counting the number of peaks ͑complete cycles͒ in a halfperiod of the V D (ac) signal ͑curve 2 in Fig. 4͒ . This number can be underestimated by a maximum of 1 peak, so high precision demands a large number of peaks to be counted.
All our measurements involved more than 25 peaks in a half-period (n/2Ͼ25), so x 0 was always calculated with a precision better than 4%. Three arrows mark on the horizontal axis of Fig. 4 ͑time axis: 1 ms/division͒ the locations that correspond to instantaneous zero velocity, uϭ0 ͑and the position xϭϮx 0 ). Note that the amplitude of the V D signal drops as the Doppler shift ͑and the velocity u͒ increases due to the finite frequency bandwidth of the photodetector. It is not a problem as long as the maximum Doppler shift is not far beyond bandwidth. If desirable, larger bandwidths may be achieved at the expense of lower responsivity by reducing the resistance of the feedback resistor R F of the photodetector. In Fig. 4 , the number of complete cycles ͑or peaks͒ in a half-period of vibration is n/2ϭ28, which results in x 0 ϭn/8ϭ4.6 m. Thus at ϭ125 Hz, x 0 /i 0 ϭ1.93 mm/A, and V 0 /i 0 ϭ8.47 ⍀.
The current normalized amplitude of vibration x 0 /i 0 was measured for frequencies ranging from 25 to 500 Hz, and the impedance Z 0 ϭV 0 /i 0 was measured up to 30 kHz. The results are illustrated in Fig. 5 . The dots represent the experimental data whereas the solid curves correspond to the fittings with Eq. ͑5͒ in Fig. 5͑a͒ , and Eq. ͑6͒ in Fig. 5͑b͒ . The fittings were performed using a least-squares routine and the uncertainties were estimated by calculating the variances. 21 From the first fitting ͓Fig. 5͑a͔͒ we get a 1 ϭBl/kϭ(1.15 Ϯ0.04) mm/A, a 2 ϭm/kϭ(6.23Ϯ0.02)ϫ10 Ϫ7 s 2 , and a 3 ϭb/kϭ(6.8Ϯ0.3)ϫ10 Ϫ5 s. Note that each variable plays a different role in the behavior of x 0 /i 0 : At low frequencies x 0 /i 0 ϷBl/k; the frequency of resonance is defined primarily by m/k; and b/k acts on the sharpness ͑quality factor͒ of the resonance peak.
The calculated values of m/kϭa 2 and b/kϭa 3 were then substituted into Eq. ͑6͒ to perform the second curve fitting ͓Fig. 5͑b͔͒, resulting in a 4 ϭRϭ(7.88Ϯ0.14) ⍀, a 5 ϭL ϭ(0.15Ϯ0.02) mH, and a 6 ϭ(Bl) 2 /bϭR b ϭ(29.1Ϯ0.4) ⍀. Note that at low frequencies Z 0 ϷR; at resonance Z 0 is dominated by the motional impedance and at high frequencies Z 0 ϷL. We checked that the last term of Eq. ͑6͒, which has (Bl) 2 /kϭL k in the numerator, does not play a significant role in the fitting, so that L k was better calculated by making L k ϭa 3 a 6 and the capacitance C m ϭa 2 /a 3 a 6 . From the quantities reported above we get Blϭa 3 a 6 /a 1 . All the parameters that characterize the speaker system are summarized in Table I .
It is important to mention that some care is required when using a diode laser as the light source in interferometry. The main advantages of such lasers are their low cost and compactness, which make them well suited for incorporation into undergraduate teaching labs, particularly when several lasers are required at one time. On the negative side, we have found that our diode laser is more unstable than HeNe lasers. Care must also be taken to avoid light returning back to the laser cavity. In addition, small changes in the temperature or the injection current cause a variation in the laser spectrum, and sometimes, two or more longitudinal modes may exist in the laser beam. 22 As a result, the output voltage of the photodetector, V D , may become noisy. In practice, we have not found this to be much of a problem because of the short time required for each measurement point and the ability to change laser parameters such as the injection current and/or the temperature.
The goal is to obtain a well-defined curve on the oscilloscope screen that allows the number of peaks, n, to be counted. For that we typically had to wait a few seconds. If desirable, an ultrastable current supply and temperature controller can be mounted to produce a frequency-stable output beam from the laser diode. 23, 24 However, satisfactory results were obtained using the simple commercial laser diode module.
V. CONCLUSIONS
We have shown that a speaker system can be characterized by measuring three quantities as functions of the vibrating frequency: the amplitude of the electrical current through the speaker coil terminals, the amplitude of the applied voltage, and the amplitude of the vibration ͑displacement͒. Ordinary electrical devices, such as multimeters or oscilloscopes, can be used to measure the current and the applied voltage. The amplitude of the vibration is evaluated by using a very simple laser vibrometer operated by an inexpensive diode laser at the wavelength ϭ0.65 m. The vibrometer is compact, robust, and also easy to assemble and disassemble. The technique has been experimentally verified on a simple case study, a small low-power loudspeaker. The structural parameters of the speaker were determined, as well as the components of an analog all-electrical network to the speaker system. 
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